To develop ideas on building element valuation contained in the first article on the subject published in REMV, we propose an elaboration of the approach accounting for ad valorem expenses incidental to property management, such as land taxes, income/capital gains tax, and insurance premium costs; all such costs, being of an ad valorem nature in the first instance, cause circularity in the logic of the model, which, however, is not intractable under the proposed approach. The resulting formulas for carrying out practical estimation of building rental multipliers and, in consequence, of building values, turn out to be somewhat modified, and we demonstrate the sensitivity of the developed approach to the impact of these ad valorem factors. On the other hand, it is demonstrated that (accounting for) building depreciation charges, which should seemingly be included among the considered ad valorem factors, cancel out and do not have any impact on the resulting estimates. However, treating the depreciation of buildings in quantifiable economic terms as a reduction in derivable operating benefits over time (instead of mere physical indications, such as age), we also demonstrate that the approach has implications for estimating the economic service lives of buildings and can be practical when used in conjunction with the market-related approach to valuation -from which the requisite model inputs can be extracted as shown in the final part of the paper.
Introduction: overview of the underlying principles of the original model
This article is written as a continuation/elaboration of the original paper "A model to decompose Property Rental Multipliers with regard to the division between land and building elements" (SMOLYAK 2016) , in which a model for commercial building valuation was presented based on the unorthodox use of the DCF method. Unlike in other methods for determining the market value of a building element, the following factors were explicitly accounted for in the model:
-Benefits from the use of the building vary over time: they increase under the influence of inflation and are reduced due to physical and functional depreciation. -The remaining service life of the building is determined not only by its technical condition. It also depends on the value of the land element beneath the building, and how rapidly it undergoes change. The model proposed in the referred article was based on the principle of "stable dependencies" which, in fact, is commonly used by valuers. According to this principle, mathematical and statistical dependencies that make market valuation contingent on various factors identified by the actual data www.degruyter.com/view/j/remav vol. 24, no. 3, 2016 for some (not too extensive) period of time preceding the valuation date, can be considered valid for a short period after that date. It is this principle that allows valuations of property to be carried out at a certain date using market information relating to an earlier period.
In assessing the market value under the proposed model, the principle of stable dependencies is complemented by reliance on a non-orthodox version of the DCF method, which can be expressed as follows:
The market value of the subject property at the measurement date is determinable as the sum of the discounted (to the measurement date) net benefits arising from the highest and best use of the property over an infinitesimal interval of time, plus the market value of the property at the end of this interval (also on a discounted basis for this interval).
This application is unorthodox in the sense that, if applied to infinitesimal periods, it allows for linking market values of the property at proximate time points and, subsequently, applying differential calculus to obtain an equation describing the dynamics of these values.
As was shown in the referenced original Paper, this technique allows us to offer formulas to estimate the market value of the building that do not require long-term forecasting of cash flows from building use.
At the same time, these formulas were derived with the use of rather simplistic assumptions.
In particular, two important factors were left out of consideration in them: 1) Entering into expenses associated with the use of the property are also costs the amount of which depends on the value of subject property, which in itself requires evaluation in the problem (the so-called issue of "circularity"). Because of this, the ratio of pre-tax to after-tax income from the use of the building shows a change which fails to be reflected in the originally proposed model. 2) Part of the income from the use of the property is appropriated by the state in the form of taxes (including income/profit and property taxes). This article aims to provide a refined (modified) building valuation model, which considers these additional aspects.
Until now, we have assumed that, when undertaking a property valuation, the valuer is able to assess the operating costs associated with the use of the building. At the same time, operating expenses include property taxes, the amount of which depends, firstly, on the valuation of the property (in case of ad valorem property taxation regimes, which we consider in the paper. To fix this oversimplification, we need to subdivide operating expenses, allocating those types of costs which depend on the value of land and buildings to a separate category -that of "ad valorem costs". Property taxes have an important place among these ad valorem costs. These taxes vary between different countries. In some jurisdictions, they are levied on the basis of the taxable value of property as a whole (building + land elements), and in other jurisdictions -differentiated tax rates are in place to provide for separate taxation of land and building(s). Ad valorem costs also include other costs, the amount of which is linked with the value of the property, for example, insurance costs.
Accounting for the impact of ad valorem expenses
We consider an (overall) property, i.e. a land parcel with a building sited on it. The market value of the land -L, is assumed known, as per assumptions of the original paper, and the market value of the building -C, requires valuation. The use of the building brings a certain income to its owner, but also involves the incurrence of certain operating expenses. At the same time, operating expenses include property taxes, the amount of which is dependent on the market value of the property being valued. We shall account separately for such ad valorem expenses.
The basis of valuation of income-producing properties is grounded in the flow of benefits from its most efficient (i.e. highest and best) use.
We shall distinguish between four types of benefits: -Gross benefits -are the proceeds of a building owner (for example, from putting a property up for lease). -Operating benefits (hereinafter -ОВs) -are understood to mean gross benefits less operating costs incurred by the owner. But, in our instance, depreciation charges, land tax and other ad Also to be noted is that the value of a property assessed for the purposes of insurance and taxation may, in practice, differ from its market value, although both values should bear a close relationship to each other. In view of this, the model we develop should assume that ad valorem expenses per unit of time associated with the building are proportional by a certain fraction m to the market value of the building C, while ad valorem levies associated with the land stand at a certain fraction q to the market value of the land L.
With these preliminaries, let us now move on to the construction of the modified model itself.
We shall consider a market in which a number of similar buildings that yield different amounts of operating benefits -B, and are located on land parcels with different values are traded. At the same time, we shall assume that, for the given category of buildings in the proximity to the valuation date:
1) the value of land parcels changes at the same (known) rate j, not exceeding the discount rate, 2) OBs grow (change) at the same (known) rate i (also not exceeding the discount rate), 3) the rental multiplier RM (i.e. the ratio of building element value to the operating benefits from its use, C/B) depends on the Payback Period for Land (p), i.e. is defined by the formula RM=f(p) with the specification of the function f remaining unknown. Hence, it follows that:
It is important to note that, in view of the "stable dependencies principle", such a dependency is assumed to hold not only as at the valuation date, but also in the neighborhood of that date.
Consider one of such properties on the market with an OBs rate equal to B, a building value equal to C, and a land value equal to L. As such, the PPL value for such property would be equal to p=L/B. Assuming that the use of the building for its intended purpose over the (mathematically) infinitesimal period of time dt is economically justifiable, the values for B, L, p, and C would sustain a change by the end of the period. It is possible to determine the new values of these variables (we make use of the tilde (" ~ " -mark) to denote such new values) with an accuracy up to infinitesimals of a higher order, according to the following formulas based on assumptions a)-c) 2 :
On the other hand, the value of the property as at the valuation date can be estimated by applying the DCF method and relying on pre-tax cash flow. In doing this, the appropriate pre-tax cash flow to use (i.e. cash flow before accounting for income taxes) shall be defined as operating benefits less ad valorem expenses (i.e. net operating benefits). Thus, in this case our alternative DCF application admits the following formulation:
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C+L, puts it to a rational use over a short period of time dt, and then disposes of the property at a different market value C+L. The value of the building shall be determined consistent with the flow of benefits to such a buyer upon him/her purchasing the property. Thus, these benefits would amount to:
1. Purchaser's OBs over the dt period would amount to Bdt, land taxes paid by him-qLdt, while his other ad valorem costs associated with the building would be -mCdt (since the residual value of the property, forming the basis of, let us say, insurance premia, is set equal to its initial purchasing value). Thus, net operating benefits shall be equal to:
2. Over the mentioned period, the purchaser would also have to incur depreciation charges on his building, the amount of which, Adt, would be proportional to the duration of the period (we shall see further down that the particular amount of A has no impact on the final result). Thus, the taxable income from the purchaser's operating activities associated with the use of the building would be NOB-Adt. 3. Purchaser's reversion (i.e. proceeds from the resale of property at the end of the period) would amount to C L    . Taxable income due to reversion (i.e. reversionary income subject to capital gains tax), according to our assumptions, would amount to this income less the value of initial investment in the land -L, and building elements (the latter reduced by the amount of the depreciation charge) 3 , C -Adt, that is the reversionary taxable income, would equal:
Thus, the total amount of taxable income would come to be equal to:
while the respective amount of profit/income tax to be levied over dt time period would amount to 4 :
. As can be seen, the tax is indeed independent of the amount of the depreciation charge and, in view of the formulas (2), has the same order of magnitude as dt.
Let us now apply our DCF method in its unorthodox framing expressed at the outset of the article (in the bold frame) to the derived benefits and expense stream. For this, we shall make beginning-ofperiod attribution for incomes and expenses of dt order of smallness (i.e. we shall attribute NOB to the beginning of the period), and will use nominal after-tax rate -for discounting the rest:
Substituting expressions from (2) and (3), this equality can be expressed as follows (with an accuracy up to higher-order infinitesimals): 
It shall be noticed that r is the ratio of the after-tax nominal discount rate to the tax adjuster(1-n), that is to say r is the pre-tax nominal discount rate, which is the rate format usually used in the context of property and business valuations.
Solutions to Equation (5) would vary depending on the ratio between the rate of growth for OBs (i) and the rate of growth for the value of land (j). Here, as in the Section 5 of the original paper, three situations can be considered: Case 1. i<j. Let us introduce the following notation:
Here, the value of s would reflect the limit of the payback period for land; when reached, the use of the building for its intended purpose ceases to be economically expedient. This will be demonstrated by invoking an argument similar to the one used in Section 5 of the original paper, namely we shall consider a building, the use of which under its intended purpose has already ceased to be appropriate, i.e. a building that has zero value. Then, the value of such a property would be greater than the sum of the benefits arising from its use over the period dt and the value of the property at the end of this period (suitably discounted). In other words, the left-hand side part of (4) would become greater than its right-hand side:
But the value of the building under consideration equals zero as at the valuation date, and will likewise remain the same at the conclusion of the period, so that
; therefore, having regard to Formula (3), the above inequality will assume the following form:
It is easy to see that this inequality will only hold if
Therefore, the solution to (5) must become zero at L=Bs. By utilizing conventional methods for solving Equation (5) given this boundary condition, the following formulas can be derived, which coincide with the corresponding formulas presented in the original article for m=q=n=0:

We can see that the inclusion of ad valorem expenses does not affect the general character of the rent multiplier's functional association with PPL, but alters the values for parameters s and  in this relationship.
It shall be noticed that the derived formula for building valuation, unlike other traditionally employed DCF-based formulas, neither calls for long-term forecasting of net incomes, nor requires an assessment of the residual service life of the building. At the same time, it provides for a more detailed adequate capture of the impact of underlying land values, taxes and ad valorem expenses on the value of subject buildings. (16), given a (pre-tax) discount rate of 13.5% per annum, an annual 7% growth rate for land value, and an annual 3% growth rate in OBs. The dotted line represents calculations carried out excluding ad valorem costs (m = q = 0), while the solid line corresponds to the values of m = 0.032, q = 0.01. As in the original article, the graphs charting the dependency of RM on PPL become tangent to the horizontal axis. We will now introduce examples with inputs identical to examples 1-5 of the original Paper 5 to estimate the value of rental multipliers for the buildings given ad valorem expense rates of m = 0.032 and q = 0.01 as a new detail, and to see how the obtained results will differ from the ones calculated in the original paper. The following rental multiplier (RM) values result for these ad valorem input specifications (see Table 1 ). Source: own study.
It would appear from Fig. 1 and the Table above that a separate treatment of ad valorem expenses brings about a reduction in the value of the buildings. However, such a conclusion is unjustifiable. 5 These examples for rental multiplier (RM) calculation (realized using Formulas (9) and (10) of the original Paper), being: Example 1. With the value of land being 120 CU (currency units), the growth rate in land value -7% per year, the operating income from the use of the building (its annual representation, expressed in prices effective as at the valuation date) -60 CU, and the growth rate for the operating income -3% per year. Example 2. In contrast to Example 1, the value of the land is assumed to be twice as high -240 CU. Example 3. Assuming that, in contrast to the specifications in Example 2, the growth rate in the value of the land (j) is higher -at 10% per year. Example 4. To find out what effect a possible inaccuracy in establishing the OB growth rates (i) may have on the valuation presented in Example 1, suppose, for example, that the growth rate is set not at 3%, but at 5% per year. Example 5. To establish the extent of the influence a wrongly estimated discount rate may have on the valuation result in Example 1 suppose, for example, that the rate is not 13.5%, but 15%.
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The fact of the matter is that such treatment changes the composition of operating benefits, and increases their magnitude (exactly by the amount of ad valorem expenses); consequently, PPLs are reduced. Therefore, the valuation results obtainable with and without seperately accounting for ad valorem expenses, even at the same values for OBs, are not directly comparable.
Case 2. i=j. Here, Equation (5) will assume the following form:
From which it immediately follows that:
These formulas stem from formulas (7)- (8) at ij, that is, at ∞. Note that these formulas are only valid upon producing a non-negative value for the building. This condition is observed only when PPL does not exceed s=1/(r+q-j). Otherwise the value of buildings drops to zero. Case 3. i>j. It may seem that a solution to this situation can be provided by Formulas (7) and (8); however, this is not the case. In fact, the value of  will then become negative according to Formula (6), and Function (7) will have a discontinuity at p=0 breakpoint. A detailed analysis indicates that a continuous solution to equation (5) can only be provided by
It can easily be shown that, given i=j, Formulas (10) and (9) will match each other. The value of a building estimated according to Formula (10) will only be positive if p<s=1/(r+q-j).
Analytical corollary: It can be proved that, accounting for ad valorem expenses for i=j and i>j, results in the very same formulas which were obtained in the original paper where such expenses were disregarded. A very important finding has been demonstrated here: if applied correctly, our alternative version of the DCF technique yields the same estimation formulas, regardless of whether or not income tax is accounted for, and the alternative DCF technique yields the same valuation formulas provided that the ratio of "after-tax" and "pre-tax" discount rates is proportioned according to the "tax adjuster".
Thus, accounting for income/profit tax in these instances does not change the results of the estimates obtained in the examples in Section 5 of the original Paper.
Estimation of the remaining economic service life of a building
As demonstrated in the previous sections, the developed model shows there is some sensitivity in building value to the OBs growth rate, so forecasts characterized by a greater accuracy of OBs estimates are desirable. The accuracy of the obtained results can be greatly enhanced by reliance on additional information. The following considerations may be helpful.
It would seem that the growth rate for OBs can be established by comparing average rental rates as at the valuation date in general, with those occurring a year earlier. However, such a comparison would be invalid, even given a representative sample of buildings. Suppose that we are in possession of data on rental rates for similar buildings, those newly commissioned and those aged 10, 20, 30 ... years; what we would then be doing is essentially deriving averages for the ratios of current rental rates to last year's rental rates in respect to buildings in the continuum of 0 years (newly commissioned), 10 years, 20 years, etc.
However, what we need to know is how rental rates change in the same building as it ages. To do so, we need to compare:
-last year's rate in a building which was newly commissioned a year ago vis-a-vis the current rate holding for the same building (which has aged one year as at the valuation date), -the previous year's rate in a building aged 10 years to the current rate effective for a building 11 years of age. The difference resulting from the wrong choice of a default approach may, of course, not be particularly pronounced, but the choice of an appropriate comparative method will tend to reduce the www.degruyter.com/view/j/remav vol. 24, no. 3, 2016 actual and forecasted short-term growth rates for rent. A similar problem would arise if one were to examine the amount of the owner's expenses. Here too, one would need to match last year's expenses for buildings of different ages with current expenses for buildings a year older.
The above considerations show that the process of estimating growth rates for OBs is prone to faulty specifications, which can significantly affect the integrity of the valuation results. This makes it necessary to introduce some cross-checks, ensuring that the obtained estimate of the building's value is consistent with existing "technical" information on the condition of the building. The remaining service life of the building may be used for this purpose, according to the method described below.
The analysis in the developed model is concerned with subject property over a short, incremental period of time. Therefore, it may seem beyond the scope of such analysis to determine how many years it will take for the continued use of the building to cease being efficient under its intended purpose. However, some inferences about the remaining service life (RSL) of the building can still be drawn from the model.
The general principle underlying the proposed evaluation procedure is explained as follows. Supposing that a period of one month has been chosen as the incremental period, let us consider Building 1, situated on land valued at L 1 and generating monthly benefits of B 1 . These parameters will have changed in a month's time: the value of the land will become equal to L 2 , and the monthly benefits -B 2 . We will search the market for Building 2 with exactly the same attributes (i.e. situated on land valued at L 2 and generating monthly benefits of B 2 ). In this case, it would be natural to assume that the RSL of Building 1 will be one month longer than the respective RSL of Building 2. This implies that the RSLs of different buildings are somehow related to each other, such that for buildings with a PPL of more than s, the residual service life is zero, as building use for the intended purpose ceases to be appropriate. It turns out that these considerations are sufficient to evaluate the RSL of any building.
The items of real property in our market are characterized by the value of land -L, and the rate of OBs arising from the use of the buildings -B. This allows us to treat the RSL of the buildings as some yet unknown smooth function within these parameters, T(L,B). Let us try to deduce this function explicitly.
We shall first consider a case where i<j. In this regard, it will be noted that the parameters of the building will sustain a change over the brief incremental unit of time -dt: the rate of OBs being generated by the building will grow by a factor of (1+idt), while a similar growth in the value of the land will be by (1+jdt). Hence, the RSL of buildings with such altered parameters is equal to
. On the other hand, the resulting RSL is shortened by dt compared to the subject building, and thus:
Now note that with an accuracy up to infinitesimals of a higher order:
it follows that with an accuracy up to infinitesimals of a higher order:
It is easily seen that this equality is valid only if
We have thus derived a partial differential equation for the unknown function T. Moreover, as shown above, the T function drops to zero at p=L/B=s. Having regard to this boundary condition, a solution to Equation (20) 
If the RSLs calculated according to this formula substantially differ from those appearing credible on the basis of sound technical and economic criteria, this indicates an erroneous choice of the estimates for i and j rates.
Residual service lives, estimated in years, according to Formula (12) in the context of examples 1 to 5 (see footnote 6), given r = 0.1266, first excluding ad valorem costs (m =q= 0) and then considering them (m = 0.032, q = 0.01), are collated in the following table (Table 2) . Source: own study.
In these examples, some questions may arise, either regarding the shorter service life as indicated by Example 3 or the seemingly excessive period of service life suggested by Example 4. These durations would have to be cross-checked against the data on the remaining service life of the buildings estimated on the basis of technical criteria (the technical condition of the buildings and their continued use).
Let us now consider a case where i=j. Take a building with a PPL of less than s. Formula (12) would be valid for such a building, given i<j. Let us now increase the growth rate for OBs i, bringing it closer to j. The value of s will remain unchanged in the process, while the remaining service life of the building, estimated according to Formula (12), will expand indefinitely. From this it follows that, at i=j, the remaining service life of a building becomes limitless. Quite naturally, in actuality there exist no buildings with a limitless remaining service life; however, this finding only implies that, given i=j, the remaining service lives of buildings are ultimately constrained not by economical, but by technical considerations. A detailed analysis also reveals that the same situation occurs when i>j.
Applying the model in the context of a market approach to valuation
As already noted, using the proposed models requires an estimate of the growth rates for the value of land (j) and the benefits from the use of the buildings (i). A sales comparison (market) approach can be employed for that purpose. A general idea of how to apply it is demonstrated below in the context of a situation where i<j.
Suppose that the appraiser has information on four or more properties similar to the subject being valued. Specifically, the following is known for each comparable property k: the value of the underlying land parcel L k , the rate of benefits from the use of the building (in practical terms -the annual operating benefits) B k and the selling price of the building C k . Having regard to these data, each comparable property can then be characterized by a payback period value for the land
and a value of the rent multiplier
. If the proposed model specifications are valid, the actual values of rent multipliers should be close to those estimated according to Formula (9). This means that the following approximate equality should hold for each k : Following this and assuming a specific pre-tax discount rate -r, an estimate for the rates i and j can be arrived at by using (14).
Below is an example to illustrate this. The annual pre-tax discount rate of 13.5% is used. It is assumed that q = 0.01 and m = 0.032. Data on seven comparable properties are given in the rows of the following table (Table 3) . Source: own study.
Estimates developed according to the procedure suggested above indicate: s = 14.21, and  = 3.99. These inputs used in conjunction with Formulas (14) suggest the following values: i = 0.0354 and j = 0.0662. Thus, the annual growth rate inferred for the value of land will be 6.85%, while the annual rate of growth inferred for the operating benefits will be 3.60%. Corresponding to these inferred values are the estimates for rent multipliers (RM c ) shown in the bottom row of the table.
The obtained values for the discount and growth rates can now be used in connection with valuing other buildings.
Conclusions
In this paper, we have presented an extension to the building valuation model published in the previous edition of REMV (#1, 2016) . This extension is in explicit consideration of ad valorem costs associated with the land and building elements, such as ad valorem land tax, income taxes, and insurance costs. As has been established in this paper, building valuations can be sensitive to these factors, except for instances when the assumed rates of change for the underlying land value and building income growth are equal (i=j), or the latter exceeds the former i>j. As it happens, the proposed analytical framework also has a practical bearing on estimating optimal service lives for
